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Abstract
Based upon the exact formal solutions of models which obey the
Weyl - Dirac - equation in planar Bianchi - type - I background space-
times, one can introduce suitable equivalence classes of these models
characterized by two parameters. It can be shown then that with
the help of a special transformation of these parameters or, equiva-
lently, of a related constrained coordinate transformation, the exact
solutions of all models of a given equivalence class can be generated,
provided one knows an exact solution of an arbitrary member of this
equivalence class.
This method also works if only approximate solutions are at dis-
posal, which will be explicitly demonstrated in the case of the anisotropic
Kasner spacetime with axial symmetry.
I. INTRODUCTION
The determination of solutions for fermionic fields propagating in curved
spacetime backgrounds has been the subject of many papers since decades
∗matthias.wollensak@uni-jena.de
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[1]. In particular, the study of fermions in anisotropic Bianchi-type-I (BI)
backgrounds has attracted significant interest strongly motivated by the in-
vestigations of Zel‘dovich and Starobinsky [2] and Hu and Parker [3]. Despite
some efforts, however, even in the massless case only a few exact results de-
scribing spin - 1
2
- particles in anisotropic backgrounds are known. Moreover,
it is far from being trivial to obtain at least approximate solutions, which are
understood here to be solutions exhibiting the correct asymptotic behavior
and the correct behavior at early times as well. Recently, in order to obtain
such approximate solutions, it has been proposed to utilize a time - evolution
- operator (TEO) approach [4]. In that work the approximate TEO has been
calculated for massless fermions in planar BI backgrounds with power law
scale factors (pBI).
In this paper a method is presented which permits access to the exact
solutions of an infinite number of models describing massless fermionic fields
in pBI backgrounds. Upon introducing equivalence classes [ δ ] of pBI space-
times and related equivalence classes [ δ¯ ] of exact spinor solutions in those
pBI backgrounds (δ ∈ R), it will be proven in sect. II that, provided one
knows a single arbitrary member of such an equivalence class [ δ¯ ], all other
solutions belonging to this class can be derived by a fairly simple procedure.
This is so despite the fact that the corresponding background - spacetimes
[ δ ] of all models which are solved by these solutions, are generally not ”triv-
ially” related by e.g. Weyl - scaling. There is, however, one obvious excep-
tion, namely the ”Minkowski - class” [ 1 ] of conformally flat spacetimes.
Sect. III deals with approximate solutions in the sense defined above.
The technique introduced in sect. II can also be applied to early - and late -
time solutions. This will be utilized to treat the class [ 1/4 ], which includes
the axisymmetric Kasner spacetime.
II. EXACT SOLUTIONS
Dirac‘s equation in a BI background spacetime, which is in the usual coor-
dinate frame given by
ds2 = dt2 −
3∑
i=1
α2i (t)(dx
i)2, (1)
2
reads w.r.t. an orthonormal frame with vectors {eµ}µ (where e0 = ∂t, ej =
α−1j (t)∂j) and covectors {Θν}ν (where Θ0 = dt, Θk = αk(t)dxk) [4]:{
e0 − γ0
3∑
j=1
γjej +
1
2
∂t ln(
√
|g|) + iγ0m
}
ψ = 0. (2)
Vectors and covectors satisfy: Θν(eµ) = δ
ν
µ. The metric tensor is g =
ηµνΘ
µ ⊗ Θν ≡ gµνdxµ ⊗ dxν , and g = detg. Owing to spatial translational
invariance of (1) it is sensible to employ the ansatz
ψk(x, t) = ck e
ikx
(
ϕ(k, t)
χ(k, t)
)
, (3)
which decouples in the massless case eq. (2) by setting χ = ∓ϕ. Here,
χ, ϕ denote Weyl - spinors, and the respective sign corresponds to the two
chirality eigenstates ψ(∓) ∼ (ϕ(∓),∓ϕ(∓))T . It is now convenient to introduce
the new Weyl - spinors
φ(∓)(k, t) =
(
φ
(∓)
1 (k, t)
φ
(∓)
2 (k, t)
)
,
φ
(∓)
J (k, t) = |g(t)|1/4 exp
[±(−1)J iP3(k3, t; tA˜)] ϕ(∓)J (k, t)
(4)
(J = 1, 2), with
P3(k3, t; tA˜) =
t∫
t
A˜
p3(y)dy, (5)
and pj(t) = kj/αj(t) are the components of the physical 3 - momentum.
Use of (4) reduces then eq. (2) to:
∂tφ
(l,∓) − Ω(∓)φ(l,∓) = 0, (6)
where l = 1, 2 numbers the two independent solutions of (6), and
Ω(∓)(k, t) =
(
0 P(∓)(k, t)
−[P(∓)(k, t)]∗ 0
)
,
P(∓)(k, t) = ± (ip1 + p2) e∓2iP3(k3,t;tA˜).
(7)
On solving (6) one gets for m = 0 with (3), (4) the four bispinor solutions
of eq. (2):
3
ψ
(l,∓)
k
(x, t) = c
(l,∓)
k
eikx |g(t)|−1/4


e±iP3(k3,t;tA˜) φ(l,∓)1 (k, t)
e∓iP3(k3,t;tA˜) φ(l,∓)2 (k, t)
∓ e±iP3(k3,t;tA˜) φ(l,∓)1 (k, t)
∓ e∓iP3(k3,t;tA˜) φ(l,∓)2 (k, t)

 (8)
.
In the ensuing calculations it suffices to consider negative chirality Weyl
- spinors φ(l,−), since the positive chirality spinors can be obtained via
φ(l,+)(k, t) = φ(l,−)(−k, t). (9)
Specializing now to spacetimes (1) with α1 = α2 = t
ν , α3 = t
1−µ,
ds2 = dt2 − t2ν(dx1)2 − t2ν(dx2)2 − t2−2µ(dx3)2, (10)
and defining the parameter
δ(µ, ν) =
1− ν
µ
(11)
(µ 6= 0), and for later convenience the time variables
s(t) = tµ, τ(s) = 2k3s/µ, (12)
the exact formal solutions to eq. (6) read:
φ(l,−)(k, t) = K(−)
k
(t|tA)φ(l,−)(k, tA), (13)
with TEO
K
(−)
k
(t|tA) =
∞∑
n=0
(
In(s) 0
0 I∗n(s)
)(
0 k2+ik1
κ
−k2−ik1
κ
0
)n
, (14)
where I0(s) ≡ 1 and
In(s) =
(
κsδ
µ
)n 1∫
σA
dσ1
σ1∫
σA
dσ2...
σn−1∫
σA
dσn
n∏
m=1
σδ−1m e
i(−1)mσmτ (15)
for n ≥ 1. The lower limit of integration is given by σA(t) := τA/τ , and
κ :=
√
k21 + k
2
2. An exact computation of (14), (15) in the two cases
4
k3 = 0 (arbitrary δ) and δ = 1 is feasible, an approximate result when
δ = 1/2, δ ≤ 1/3 (µ > 0) has been derived in [4].
We consider now the action of the following transformation of the line
element parameters µ, ν (a 6= 0) :
µ → µ′ = aµ, ν → ν ′ = 1− a(1− ν), (16)
on ds2 given above:
ds2 → ds′ 2 = dt2 − t2ν′ (dx1)2 − t2ν′ (dx2)2 − t2−2µ′ (dx3)2, (17)
and on the exact (negative chirality) Weyl - spinor solutions φ(l,−) :
φ(l,−)(k, t)→ φ′ (l,−)(k, t) = φ(l,−)(k/a, ta), (18)
which can be read off from eq.s (13) - (15). The crucial property of (18) is
that the transformed spinor φ
′
is basically given by the original exact spinor
φ (apart from the scaled wavevektor k
′
= k/a and the replacement of t by ta).
This is a direct consequence of (16) which leaves the parameter δ unchanged.
Hence, if φ is an exact Weyl - spinor solution of the system (6) valid in a
background spacetime described by (10), then φ
′
denotes the corresponding
exact Weyl - spinor solution of the system
∂tφ
′(l,−) − Ω′(−)φ′(l,−) = 0 (19)
with
Ω
′(−)(k, t) = ata−1 Ω(−)(k/a, ta) (20)
valid in a background defined by (17). While the transformed line element
ds
′ 2 obviously describes a pBI universe, it is not related to ds2 in a simple
way by e.g. ”conformal equivalence”, that is ds
′ 2 = Λ2 ds2 or g
′
µν = Λ
2 gµν (Λ
some real function). This transformation is also known as Weyl scaling. The
notion ”conformal equivalence” has been put within quotation marks in order
to indicate that in general this transformation can not be identified with a
conformal transformation. The latter is defined as a smooth regular map
F : M → M ′ satisfying
F ∗ g
′
= Λ2 g, (21)
where M
′
and M are differentiable manifolds endowed with metrics g
′
and g, resp. Here, F ∗ : T ∗(M
′
) ⊗ T ∗(M ′) → T ∗(M) ⊗ T ∗(M) denotes the
pullback associated with F . Locally (21) assumes the form
5
g
′
αβ(x
′
)
∂x
′α
∂xν
∂x
′β
∂xµ
= Λ2(x) gµν(x),
where x
′ ≡ F (x). In contrast, the Weyl transformation can be viewed as
a special case with M
′
= M, F = idM implying g
′
µν(x) = Λ
2(x) gµν(x).
It remains the determination of the transformed massless bispinor solu-
tions ψ
′(l,−), where we define for later convenience the equivalence classes of
pBI spacetimes (10) and of related exact Weyl - spinor solutions by (|δ| <∞):
[ δ ] =
{
ds2|1− ν = µ δ, µ, ν ∈ R, µ 6= 0} ,
[ δ¯ ] =
{
φ(l,∓)(k, t) solving (6), (7)|ds2 ∈ [ δ ]} . (22)
Clearly, for δ 6= 1 not any two elements of [ δ ] are Weyl - related, whereas
in the case δ = 1 the opposite is true: [ 1 ] consists of all conformally flat line
elements. Now, since |g| = t4ν+2(1−µ) transforms with (16) as
|g(t)| → |g′(t)| = t6(1−a) |g(t)|a, (23)
and P3 given by (5) as
P3(k3, t; tA˜)→ P
′
3(k3, t; tA˜) = P3
(
k3
a
, ta; ta
A˜
)
, (24)
it follows with (18), (8), that ψ
(l,∓)
k
(x, t) → ψ′(l,∓)
k
(x, t), where
ψ
′(l,∓)
k
(x, t) = c
′(l,∓)
k
eikx
|g′(t)| 14


e±iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
1
(
k
a
, ta
)
e∓iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
2
(
k
a
, ta
)
∓ e±iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
1
(
k
a
, ta
)
∓ e∓iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
2
(
k
a
, ta
)

 . (25)
.
To summarize: If, for example, ψ(l,−) is an exact massless bispinor solution
of Dirac’s eq. (2) with background spacetime defined by (10), then ψ
′(l,−)
denotes for arbitrary real a 6= 0 an exact massless bispinor solution, where
the background is given by (17). Both spacetimes are elements of the same
equivalence class [ δ ].
This result may also be obtained by introducing
f0(t) = t
a, fj(xj) = a xj (26)
6
(x0 ≡ t), with additional constraint k˜ x˜ = k x. It is then not difficult
to prove that this constrained coordinate transformation is consistent with
(16): First, due to the constraint, xµ → x˜µ = fµ(xµ) leads to the following
analogue of (18): φ˜(l,−)(k, t) = φ(l,−)(k/a, ta). Second, the line element (10)
transforms as
ds2 → ds˜2 = Λ2 ds′ 2 (27)
with ds
′ 2 given in eq.s (16), (17). Thus, ds˜2 and ds
′ 2 are Weyl - equivalent
with scale factor Λ(t) = a ta−1. Third, (26) applied to (8) yields
ψ
(l,∓)
k
(x, t) → ψ˜(l,∓)
k
(x, t)
with
ψ˜
(l,∓)
k
(x, t) = c˜
(l,∓)
k
eikx |g(t)|− a4


eiP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
1
(
k
a
, ta
)
e−iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
2
(
k
a
, ta
)
∓ eiP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
1
(
k
a
, ta
)
∓ e−iP3
(
k3
a
,ta;ta
A˜
)
φ
(l,∓)
2
(
k
a
, ta
)

 . (28)
On comparing (28) with (25) one finds ψ˜
(l,∓)
k
= Λ−3/2 ψ
′(l,∓)
k
, which is the
correct behavior of the bispinors w.r.t. Weyl scaling (27). Hence, eq.s (28),
(27) are compatible with the earlier outcome, eq.s (25), (17).
As an example, we will solve the Weyl - Dirac equation when the back-
ground spacetime is described by any line element ds2 ∈ [ 1/2 ]. On specifi-
cally choosing µ = 2, ν = 0 one gets with (10)
ds2 = dt2 − (dx1)2 − (dx2)2 − t−2(dx3)2, (29)
and with (6), (7)
∂tφ
(l,−)
1 =(ik1 + k2) e
−ik3(t2−t2
A˜
) φ
(l,−)
2 ,
∂tφ
(l,−)
2 =(ik1 − k2) eik3(t
2−t2
A˜
) φ
(l,−)
1 .
(30)
This system has the solutions (z := −ik3t2, b := 1/4+ iη/2, η := κ2/2k3):
φ
(1,−)
1 (k, t) = z
−1/4 ez/2W−b; 1
4
(−z)
φ
(1,−)
2 (k, t) = 2
√−ik3
ik1 + k2
z−3/4 e−z/2
[
i
η
2
W−b; 1
4
(−z) − W1−b; 1
4
(−z)
] (31)
7
and
φ
(2,−)
1 (k, t) = z
−1/4 ez/2Wb; 1
4
(z)
φ
(2,−)
2 (k, t) = i
(−ik1 + k2) signk3
2
√
ik3
z−3/4 e−z/2
[
Wb; 1
4
(z) +
iη − 1
2
Wb−1; 1
4
(z)
]
(32)
(Wα;β(z) denotes Whittaker’s function, and for simplicity we have put
tA˜ = 0) [5]. The two independent negative chirality bispinors are given by
(8) with |g| = t−2 and P3 = k3t2/2, and the corresponding positive chirality
bispinors can be determined with the help of (9).
It holds that for any spacetime obtained from (29) by virtue of (16), (17),
the exact spinor solutions of (19) are φ(l,−)(k/a, ta), where φ(l,−)(k, t) has
been given in eq.s (31) and (32), resp. The pertaining bispinors follow from
(25). It is e.g. now straightforward to derive the exact solutions for massless
bispinors in a background which describes a stiff - fluid universe. This line
element is defined by (17) with µ
′
= 1, ν
′
= 1/2 [6]:
ds
′ 2 = dt2 − t(dx1)2 − t(dx2)2 − (dx3)2. (33)
On comparing ds
′ 2 with ds2 in (29) one immediately gets from (16):
a = 1/2. With |g′| = t−2, P3(k3, t; 0) = k3t2/2 and (31), (32) one eventually
obtains from (25) the two solutions (l = 1, 2):
ψ
′(l,−)
k
(x, t) = c
′ (l,−)
k
eikx t−1/2


eiP3
(
2k3,
√
t;
√
t
A˜
)
φ
(l,−)
1
(
2k,
√
t
)
e−iP3
(
2k3,
√
t;
√
t
A˜
)
φ
(l,−)
2
(
2k,
√
t
)
− eiP3
(
2k3,
√
t;
√
t
A˜
)
φ
(l,−)
1
(
2k,
√
t
)
− e−iP3
(
2k3,
√
t;
√
t
A˜
)
φ
(l,−)
2
(
2k,
√
t
)

 . (34)
These are the exact massless negative chirality bispinor solutions in a stiff
- fluid background with line element (33) [4]. Again, the positive chirality
bispinor solutions can be inferred from (9).
For further study of transformation (16) it is convenient to consider it as
a bijective map ua : U → U (U ⊂ R2, a 6= 0):
ua :
(
µ
ν
)
→
(
aµ
1− a(1− ν)
)
, (35)
8
where for the time being µ 6= 0. This map defines the simple abelian
group {ua}a6=0 satisfying ua1 ◦ua2 = ua1a2 . Every point (µ, ν) ∈ U represents
a pBI universe described by spacetime (10). Due to (11) any equivalence
class [ δ ] can be visualized in U as a straight line defined by ν(µ) = −δµ+1.
ua maps then a given point (µ, ν) lying on this straight line into a different
point (aµ, ν(aµ)) being on the same line.
The n-th repeated action of ua on an arbitrary point (µ, ν) ∈ U yields:
ua ◦ ... ◦ ua
(
µ
ν
)
=
(
anµ
1− an(1− ν)
)
. (36)
When n tends to infinity, the r.h.s. of (36) approaches for 0 < |a| < 1 the
point (0, 1). Thus, u0 will be defined as the limiting value u0 = lima→0 ua
(but uo /∈ {ua}), where u0(µ, ν) = (0, 1) denotes the (only) fixed point of ua.
The line element associated with this fixed point, ds2FLRW = dt
2 − t2 (dx2 +
dy2 + dz2), represents a special flat Friedmann - Lemaitre - Robertson -
Walker universe. But it is by definition no element of any equivalence class
[ δ ]. On the other hand, (22) can be generalized by including
[∞ ] = {ds2|ν ∈ R \ {1}, µ = 0}. (37)
As a consequence, the maximum domain U of ua is given by R
2 \{(0, 1)}.
It has already been stated above that transformation (16) takes every
line element (10) of any class [ δ ] for vanishing a into ds2FLRW, and for that
limiting case to make sense, this must also hold for the pertaining bispinor
solutions, i.e. lima→0 ψ
′
= ψFLRW. This will be explicitly verified for the
exactly soluble cases δ = 1, 1/2. Remarkably, it can be shown that this is also
true for the approximate TEO solutions of ref. [4]: lima→0 ψ
′
TEO = ψFLRW.
We start with the Minkowski - class [ 1 ] and choose as representant of
[ 1¯ ] that Weyl - spinor solution φ(l,−) with µ = ν = 1/2. By virtue of eq.s
(16) - (18) the general solutions ∈ [ 1¯ ] can then be written as [4]:
φ
′(l,−)(k, t) =
(
e−4i
k3
a
√
taA e2i[(−1)
l k signk3− k3][
√
ta−
√
taA ]/a
i (−1)
l k signk3 − k3
k2+ik1
e
−4i k3
a
√
ta
A˜ e2i[(−1)
l k signk3 + k3][
√
ta−
√
taA ]/a
)
(38)
(k =
√
κ2 + k23 ≡
√
k21 + k
2
2 + k
2
3). Hence, with (5), (24) and (38) holds
9
(
eiP
′
3 φ
′(l,−)
1
e−iP
′
3 φ
′(l,−)
2
)
= c
′(l,−)
k3
e2i
(−1)lk signk3
a
[ta/2−ta/2A ]
(
1
i (−1)
l k signk3− k3
k2+ik1
)
,
(39)
where c
′(l,−)
k3
= exp(−2ik3
a
[t
a/2
A˜
+ t
a/2
A ]). (25) with (23) yields then:
ψ
′(l,−)
k
(x, t) = c
′(l,−)
k
eikx e2i
(−1)lk signk3
a
[ta/2−ta/2A ] t
− 3
2
(1−a)
|g(t)| a4


1
i (−1)
l k signk3− k3
k2+ik1− 1
−i (−1)l k signk3− k3
k2+ik1


(40)
(the constant c
′(l,−)
k3
has been absorbed by c
′(l,−)
k
, and |g| = t3), repre-
senting for any a 6= 0 the exact massless bispinor solutions in background
spacetimes (10) with µ = a/2, ν = 1− a/2. For a→ 0 one obtains:
ψ
′(l,−)
k
(x, t)|FLRW = d
′(l,−)
k
eikx e
i (−1)lk signk3 ln
(
t
tA
)
t−
3
2


1
i (−1)
l k signk3− k3
k2+ik1− 1
−i (−1)l k signk3− k3
k2+ik1

 ,
(41)
which agrees with the outcome of ref. [7].
Next, we consider the class [ 1/2 ] and take as representant the stiff -
fluid element (33) with solutions φ(l,−)(2k,
√
t), where φ(l,−)(k, t) has been
presented in (31), (32). The general Weyl - spinor solutions ∈ [ 1/2 ] are:
φ
′(1,−)
1 (k, t) = z
−1/4
a e
za/2W−ba; 14 (−za)
φ
′(1,−)
2 (k, t) =
√−2iak3
ik1 + k2
z−3/4a e
−za/2
[
i
η
a
W−ba; 14 (−za) − W1−ba; 14 (−za)
]
φ
′(2,−)
1 (k, t) = z
−1/4
a e
za/2Wba; 14
(za)
φ
′(2,−)
2 (k, t) = i
(k2 − ik1) signk3√
2iak3
z
− 3
4
a e
− za
2
[
Wba; 14
(za) +
2iη
a
− 1
2
Wba−1; 14 (za)
]
(42)
where za := −2ik3ta/a and ba := 1/4+ iη/a. The associated line element
is given by (10) with µ = a, ν = 1− a/2. We study first φ′(2,−)1 and write it
as the confluent hypergeometric function [8]:
10
φ
′(2,−)
1 (k, t) = Ψ
(
−i η
a
;
1
2
; za
)
. (43)
Furthermore, on defining the auxiliary variable
− i ζa = 1
2
√
za
√
za − ba − ba log (
√
za +
√
za − 4ba)2
4ba
(44)
(log denotes the principal branch of log z, and for simplicity we put from
now on: a > 0), one gets after some algebra for a≪ 1, i.e. |ζa| ≫ 1 [9]:
φ
′(2,−)
1 (k, t) =
{
−
[
1 +
2i
ak3
(k2 + ak23 ln t +O(a
2))
]}−1/4
× bbaa e−ba eba
(
ln
k+|k3|
k−|k3|
+iπ(2j+1)
)
eza/2 e
− k
2|k3|
za[1+O(a2)].
(45)
Turning to φ
′(2,−)
2 and using a recurrence relation for Wα;β [10] one has:
φ
′(2,−)
2 (k, t) =
−√−2iak3
ik1 + k2
e−za+(za)A˜√
za
[
1 + 4ba − 4za
4
Ψ
(
1
4
− ba; 1
2
; za
)
+ Ψ
(
−3
4
− ba; 1
2
; za
)]
.
(46)
With the above introduced variable ζa one eventually finds:
φ
′(2,−)
2 (k, t) =φ
′(2,−)
1 (k, t)
−√−2iak3
ik1 + k2
e−za+(za)A˜√
za
[
1
2
+ i
η
a
− za+
+
(1 + ba)
1+ba e−(1+ba) e(1+ba)
(
ln
k+|k3|
k−|k3|
+iπ(2j+1)
)
bbaa e
−ba eba
(
ln
k+|k3|
k−|k3|
+iπ(2j+1)
) [1 +O(a)]
]
.
(47)
By use of eq.s (45), (47) follows then for a≪ 1:
(
eiP
′
3 φ
′(2,−)
1
e−iP
′
3 φ
′(2,−)
2
)
= φ
′(2,−)
1 e
− za−(za)A
2
(
1
i k signk3− k3
k2+ik1
)
[1 +O(a)], (48)
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and the very same procedure as above leads to the corresponding result:
(
eiP
′
3 φ
′(1,−)
1
e−iP
′
3 φ
′(1,−)
2
)
= φ
′(1,−)
1 e
− za−(za)A
2
(
1
i −k signk3− k3
k2+ik1
)
[1 +O(a)], (49)
with
φ
′(1,−)
1 (k, t) = e
iπ
4
signk3 eza Ψ
(
1
2
+ i
η
a
;
1
2
; −za
)
=
{
−
[
1 +
2i
ak3
(k2 + ak23 ln t+O(a
2))
]}−1/4
× bbaa e−ba eba
(
ln
k+|k3|
k−|k3|
+iπ(2j+1)
)
eza/2 e
k
2|k3|
za[1+O(a2)].
(50)
Upon insertion of (48), (49) into (25) one recovers for a→ 0 again ψ′FLRW
as found in (41), which concludes these considerations.
There are further exactly solvable equivalence classes: For the class [∞ ]
one gets the general negative chirality Weyl - spinor solutions:
φ
′(1,−)(k, t) =

 tik3A˜ t
a
2
−ik3 J 1
2
−i k3
a
(
κ
a
ta
)
κ t
−ik3
A˜
k2+ik1
t
a
2
+ik3 J− 1
2
+i
k3
a
(
κ
a
ta
)

 , φ′(2,−) =


(
φ
′(1,−)
2
)∗
−
(
φ
′(1,−)
1
)∗


(Jν denotes Bessel’s function), where due to the special form of (6), (7),
φ
′(2,−) can be chosen to be orthogonal to φ
′(1,−) w.r.t. the hermitean scalar
product (ϕ, ψ) =
∑
J ϕ
∗
JψJ . These solutions solve
∂tφ
′(l,−)
1 =
ik1 + k2
t1−a
(
t
tA˜
)−2ik3
φ
′(l,−)
2 ,
∂tφ
′(l,−)
2 =
ik1 − k2
t1−a
(
t
tA˜
)+2ik3
φ
′(l,−)
1 .
The pertaining general expression for the line elements of [∞ ] reads:
ds
′2 = dt2 − t2(1−a)[(dx1)2 + (dx2)2]− t2(dx3)2.
Finally, the four bispinor solutions are given by (25), (9) and (23) (|g| =
t2). The special case a = 1 (flat Kasner background) has been studied in ref.
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[11]. For the class [ 0¯ ] one obtains the solutions:
φ
′(1,−)(k, t) = t−
a
2
(
e−
za
2 W− 1
2
;i κ
a
(za)
−α e−(za)A˜
k2+ik1
e
za
2 W 1
2
;i κ
a
(za)
)
, φ
′(2,−) =


(
φ
′(1,−)
2
)∗
−
(
φ
′(1,−)
1
)∗


(za ≡ +2ik3ta/a), which solve:
∂tφ
′(l,−)
1 =
ik1 + k2
t
e−2i
k3
a
(ta−ta
A˜
) φ
′(l,−)
2 ,
∂tφ
′(l,−)
2 =
ik1 − k2
t
e2i
k3
a
(ta−ta
A˜
) φ
′(l,−)
1 .
The general line element in [ 0 ] reads:
ds
′2 = dt2 − t2[(dx1)2 + (dx2)2]− t2(1−a)(dx3)2,
and the four bispinor solutions are again found with the help of eq.s (25),
(9), (23) (|g| = t4). The special case a = 2 has been treated in [12].
III. APPROXIMATE SOLUTIONS
If no exact solution is at disposal, the above presented method will be still
useful in order to derive approximate solutions. From (6), (7) follows a second
order ordinary differential equation (ODE) for φ
(l,−)
1 :
∂2t φ
(l,−)
1 +
ν + 2ik3 t
µ
t
∂t φ
(l,−)
1 +
κ2
t2ν
φ
(l,−)
1 = 0. (51)
By use of the ansatz
φ
(l,−)
1 (k, t) = t
−ν/2 e−i(τ−τA˜)/2 ϕ(k, t) (52)
eq. (37) can be cast into
∂2t ϕ+
[
−(ν + 2ik3t
µ)2
4t2
+
ν − 2ik3(µ− 1) tµ
2t2
+
κ2
t2ν
]
ϕ = 0. (53)
This ODE simplifies considerably if one can put ν = 0. For δ 6= 0 this can
be always achieved because each equivalence class [ δ ] possesses exactly one
13
such representant (µ = 1/δ, ν = 0). To be concrete, in the ensuing calculation
we want to determine the approximate bispinor solutions of the Weyl - Dirac
equation with background spacetime describing the axisymmetric Kasner
universe (µ = 4/3, ν = 2/3):
ds2 = dt2 − t4/3(dx1)2 − t4/3(dx2)2 − t−2/3(dx3)2. (54)
This spacetime is an element of the class [ 1/4 ]. In the first step we
choose as representant the line element (10) with µ = 4, ν = 0:
ds2 = dt2 − (dx1)2 − (dx2)2 − t−6(dx3)2. (55)
Insertion of
ϕ(k, t) = C exp
(∫ t
t0
u(k, y)dy
)
(56)
into (53) yields the Riccati - type DE:
∂tu+ u
2 −K = 0,
K(k, t) = 3ik3 t2 − (k23 t6 + κ2).
(57)
This nonlinear DE can be asymptotically solved by utilizing the ansatz
u0(k, t) =
√
K(k, t), (58)
where here and in the following the square root is understood to be the
principal branch. That solution can be improved by the iteration [13]
un+1 =
√
K − ∂tun. (59)
(n ≥ 0). For example, the first and second iteration are given by:
u1(k, t) = i signk3
√
k23t
6 + κ2 − 3
2 t2
− i 3κ
2
2k3t4
+O
(
1
k3t6
)
,
u2(k, t) = i signk3
√
k23t
6 + κ2 − i 3κ
2
2k3 t4
+ i
15
4k3t6
+O
(
κ2
k23t
8
)
.
(60)
With (56) substituted into (52) one finds the following asymptotic solution
of the coupled system of DEs, eq.s (6) and (7):
14
φ
(2,−)
1 (k, t) = e
−i k3
4
t4 exp
(
i signk3
∫ t
t0
dy
√
k23y
6 + κ2 +
An
yℓ
)
, (61)
where An and ℓ(n) depend on the level of iteration, e.g.:
n = 1 : ℓ(1) = 2, A1 = −3
2
;
n = 2 : ℓ(2) = 4, A2 = −i 3κ
2
2k3
;
(62)
An asymptotic expansion of the integral in (61) yields (from now on the
second iteration will be utilized, i.e. n = 2):
∫ t
t0
dy
√
k23y
6 + κ2 +
An
yℓ
∼ 1
4
|k3|t4 + Ck(t0) − κ
2
4|k3|t
−2 + ....
For φ
(2,−)
2 = ∂t φ
(2,−)
1 /P(−) holds:
φ
(2,−)
2 (k, t) = i
signk3
√
k23t
6 + κ2 + An
tℓ
− k3t3
(ik1 + k2) e−ik3t
4/2
φ
(2,−)
1 (k, t), (63)
so that:
φ(2,−)(k, t) =

 1
i
signk3
√
k23t
6+κ2+An
tℓ
− k3t3
(ik1+k2) e−ik3t
4/2

 φ(2,−)1 (k, t). (64)
As before, the other Weyl - spinor solution, φ(1,−), is orthogonal to φ(2,−):
φ(1,−)(k, t) =


(
φ
(2,−)
2 (k, t)
)∗
−
(
φ
(2,−)
1 (k, t)
)∗

 . (65)
The following subtlety should be pointed out here: While φ(2,−) represents
an asymptotic solution of the coupled system (6), (7) of differential equations:
∂tφ
(2,−)
1 =(ik1 + k2) e
−i k3
2
t4 φ
(2,−)
2 ,
∂tφ
(2,−)
2 =(ik1 − k2) ei
k3
2
t4 φ
(2,−)
1 ,
(66)
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it is an exact solution of
∂tφ
(2,−)
1 =(ik1 + k2) e
−i k3
2
t4 φ
(2,−)
2 ,
∂tφ
(2,−)
2 =(ik1 − k2) ei
k3
2
t4 Fn φ(2,−)1 ,
(67)
where the asymptotic expansion of Fn depends on the level of iteration:
n = 1 :F1(k, t) ∼ 1 − 3
2κ2 t2
+ ...;
n = 2 :F2(k, t) ∼ 1 +
18 + i 9k3
κ2
k23t
8
+ ...;
(68)
In contrast to (66), the system (67) is not of the form (6), (7). Thus, (65)
can not be an exact solution of (67). Instead, it is an exact solution of:
∂tφ
(1,−)
1 =(ik1 + k2) e
−i k3
2
t4 F∗n φ(1,−)2 ,
∂tφ
(1,−)
2 =(ik1 − k2) ei
k3
2
t4 φ
(1,−)
1 .
(69)
Hence, eq.s (64) and (65) are not the (exact) solutions of the same system.
Nonetheless they represent the two orthogonal asymptotic negative chirality
Weyl - spinor solutions of (66). In the TEO - approach of ref. [4], it is auto-
matically taken care of the orthogonality of the asymptotic spinor solutions
due to unitarity of the TEO.
From (9) follow the positive chirality solutions, and the asymptotic bispinor
solutions are given by (8) with |g| = t−6.
For t ≪ (κ/|k3|)1/3, the early - time solutions can be determined by
solving the reduced ODE of eq. (53): ∂2t ϕ+(κ
2−3ik3t2)ϕ = 0. The outcome
is:
φ(1,−)(k, t) =
√
β
ξ1/4
(
Wα; 1
4
(ξ)
− 2
t β
{[
ξ2
6
− ξ
2
+ α+ 1
4
]
Wα; 1
4
(ξ) +Wα+1; 1
4
(ξ)
} )
φ(2,−)(k, t) =


(
φ
(1,−)
2 (k, t)
)∗
−
(
φ
(1,−)
1 (k, t)
)∗

 ,
(70)
where
α =
κ2
4
√
3|k3|
e− i
π
4
signk3 , β(t) = e−
ξ2(t)
6 , ξ(t) =
√
3|k3| ei π4 signk3 t2.
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Note that the choice of φ(1,−), φ(2,−) in (70) is compatible with the choice
of φ(l,−) in the asymptotic outcome, eq.s (65) and (64). Early - and late
- time results can, however, only be correctly related with the help of the
TEO, which has also been used here.
We turn now in the second step to the computation of the asymptotic
bispinor solutions, when the background is the axially symmetric Kasner
spacetime defined in (54). The transition from (55) to (54) is managed by
(16) with a = 1/3, so that with (18), (65), (64) the large - time solutions
read:
φ
′(1,−)(k, t) =


(
φ
′(2,−)
2 (k, t)
)∗
−
(
φ
′(2,−)
1 (k, t)
)∗

 ,
φ
′(2,−)(k, t) =

 1
i
signk3
√
k23t
2+κ2− iκ2
2k3t
4/3
− k3t
(ik1+k2) e
−i 32k3t
4/3

 φ(2,−)1 (3k, t1/3),
(71)
where φ
(2,−)
1 has been derived in (61), and with (70), (18) the short - time
solutions are
φ
′(1,−)(k, t) =
√
β ′
ξ ′1/4
(
Wα′ ; 1
4
(ξ
′
)
− 2
t1/3 β′
{[
ξ
′2
6
− ξ
′
2
+ α
′
+ 1
4
]
Wα′ ; 1
4
(ξ) +Wα′+1; 1
4
(ξ
′
)
} )
φ
′(2,−)(k, t) =


(
φ
′(1,−)
2 (k, t)
)∗
−
(
φ
′(1,−)
1 (k, t)
)∗

 ,
(72)
where
α
′
=
3κ2
4
√|k3| e− i
π
4
signk3, β
′
(t) = e−
ξ
′2(t)
6 , ξ
′
(t) = 3
√
|k3| ei π4 signk3 t2/3.
Eq.s (71) together with (72) represent the approximate solutions of
∂tφ
′(l,−)
1 (k, t) =
ik1 + k2
t2/3
e−
3i
2
k3t4/3 φ
′(l,−)
2 (k, t)
∂tφ
′(l,−)
2 (k, t) =
ik1 − k2
t2/3
e
3i
2
k3t4/3 φ
′(l,−)
1 (k, t).
(73)
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This system has been obtained from (66) by virtue of (19), (20). As be-
fore, with (9), (25) (|g′| = t2) one gets the (approximate) bispinor solutions
describing massless fermions in the planar Kasner background. The above
results agree at early and late times with the previously obtained TEO out-
come of ref. [4].
IV. CONCLUSIONS
In this work it has been shown that for the Weyl - Dirac equation in pla-
nar Bianchi - type I background spacetimes with power - law scale factors,
one can construct a simple parameter transformation, which relates all ex-
act Weyl - spinor solutions with background spacetimes belonging to the
same equivalence class [ δ ]. Alternatively, one can employ a special coordi-
nate transformation leading to solutions in background spacetimes, which are
Weyl - related to those of [ δ ]. As a consequence, the knowledge of a single
arbitrary member of the pertaining class of exact Weyl - spinor solutions [ δ¯ ]
suffices to determine all elements of this equivalence class. This has been
demonstrated in some detail for the two equivalence classes [ 1¯ ] and [ 1/2 ].
In addition, the results for the classes [ 0¯ ], [∞ ] have also been listed.
If no exact solutions are available, this method is still useful since it also
admits the construction of all approximate solutions of a class [ δ¯ ] in much
the same way as in the exact case. As an illustrative example, the class
[ 1/4 ] has been treated, and especially the approximate solutions for the
axisymmetric Kasner spacetime have been determined.
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